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EXECUTIVE SUMMARY 
Temperature and moisture gradients can cause significant tensile stresses in concrete 
pavement, which can lead to cracking without application of any mechanical loads. 
Currently, most analysis and design methods assume linear distribution of thermal and 
hygrothermal strains through the slab depth, which usually underestimates the critical 
tensile stresses in the concrete pavement.  A micromechanical approach to calculate the 
moisture curling stresses in concrete pavements based on measured relative humidity 
gradients is proposed.  In this approach, the loss in moisture from the cement 
microstructure creates a negative pressure in the concrete capillary pores, which 
ultimately produces the bulk concrete shrinkage and moisture curling (differential 
shrinkage).  The hygrothermal strain at each point in the slab depth is calculated through 
the Kelvin-Laplace and Mackenzie equations, which provide a basis for calculating the 
moisture curling stresses at any time, similarly to the formulation for calculating 
temperature curling stresses. The evolution of stresses due to nonlinear temperature and 
moisture gradients are calculated based on field measurements with consideration for the 
tensile creep of concrete.  The proposed formulation allows for a concise analytical 
solution to evaluate the effects of slab size and the concrete’s material constituents on 
moisture and temperature curling stresses. 
 

 

 

 

 

 

 

 



INTRODUCTION 
 
The design of concrete structures is primarily based on the dead and live loading. The 
importance of environmental loading is often diminished in concrete structures due to the 
complicated interaction of the structures geometry, materials, and time dependency of the 
environmental loading and material properties. Even with advances in high-performance 
concretes and mineral and chemical admixtures, concrete pavements periodically exhibit 
early age cracking due to environmental loading alone. A concrete slab cracks due to 
environmental stresses typically in the early stages of hydration when the concrete is still 
developing the strength and fracture toughness necessary to resist the resultant stresses 
from the environment. Thus, early age temperature and relative humidity (RH) profile 
measurements are critical when attempting to predict the cracking of the slab. 
 
Environmental loading consists of thermal strains – resulting from a thermal differential 
between the surface and base of the slab and the temperature difference between the 
slab’s zero stress temperature and the current temperature – and hygrothermal strains – 
resulting from a RH differential between the surface and base of the slab. If a slab were 
weightless and unrestrained, then the resulting deflections due to temperature and RH 
could occur without generation of internal stresses. The self-weight of the slab, however, 
provides restraint causing any environmentally-induced strain to produce a corresponding 
stress. In addition to the two thermal and hygrothermal stresses, tensile creep (relaxation) 
is also present, which reduces the environmentally-developed stresses by some 
percentage.  
 
Currently, most analysis and design methods assume a linear distribution through the slab 
depth for the thermal and hygrothermal strains, which usually underestimates the critical 
tensile stresses in the concrete pavement. This paper will present the environmental 
stresses due to non-linear thermal and moisture curling based on a micromechanical 
model for a single concrete slab fully supported. 
 
TENSILE STRESS COMPONENTS 
 
The tensile stress in the interior of a concrete slab as a result of temperature curling 
[Westergaard 1927] is 
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where σ = tensile stress; E = modulus of elasticity; εtot = total strain; and v = Poisson’s 
ratio. As this Westergaard solution is for an infinitely long slab, Bradbury implemented a 
correction factor to the Westergaard solution for slabs of finite dimensions. When the 
slab is close to square, which will be assumed for this analysis, the tensile stress becomes 
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where C = Bradbury coefficient. Typical values of C are less than 1.0 and range from 0.6-
0.9 [ERES 2004].    
 
The total strain in the slab can be rewritten in its component form 
 

CRHTTtot εεεε ++=  (3) 

 
in which εT = thermal strain (curling); εHT = hygrothermal strain (warping); and εCR = 
creep strain (relaxation). 
 
In order to accurately calculate creep strain a complete stress history must be known. 
Field slabs undergo daily cyclical stresses that are non-uniform with slab depth and 
change with increasing hydration products. Current creep models are primarily based on 
uniaxial stress states in controlled environments. It has been found that creep relaxes the 
restrained shrinkage strain by approximately 50% for both normal and high strength 
concretes [Altoubat 2000]. Thus, to overcome any difficulties with creep, a 50 percent 
creep relaxation with respect to free drying shrinkage is proposed, making the total strain  
 

HTTtot εεε ⋅+= 5.0 . (4) 

 
Although this oversimplifies the creep component and its interaction with the thermal and 
hygrothermal strain calculations, it is currently necessary for completion of the analytical 
model. The tensile stress in a concrete slab generalized at any point in the cross section 
and at any time becomes  
 

( )
)1(2

),(5.0),()()(
)1(2

)()()(),(
v

ztzttEtC
v

ztEtCzt HTT

−
⋅+

=
−

=
εεεσ  (5) 

 
where z = distance from the slab’s mid-depth with positive z pointing towards the base. 
Since the goal of this study is to quantify only the total linear and nonlinear stresses in the 
rigid pavement system (ignore the axial stresses generated by friction), the total linear 
and nonlinear tensile stress can be rewritten as its component of the total tensile stress 
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THERMAL STRAIN 
 
The thermal strain in a concrete material is generalized as  
 

TtT ∆⋅= αε  (7) 

 3 



where εT = thermal strain; αt = coefficient of thermal expansion; and ∆T = temperature 
difference. In many cases the actual temperature profile is decomposed into an equivalent 
linear temperature difference, ∆T [ERES 2004, Jeong 2005]. Ignoring the nonlinear 
temperature stresses can overestimate the maximum daytime stress by 11-15% and 
underestimate the nighttime stress by 6-19% [Choubane 1995] or more [Mohamed 1997]. 
Furthermore, without a reference or set temperature, axially-generated thermal stresses 
cannot be calculated.  To overcome such difficulties and potential inaccuracies, the 
analysis presented herein uses the set temperature as the basis, making the thermal strain 
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where T = current temperature and Tset = set temperature, respectively. Proposed values 
for Tset, based on a percentage of the peak hydration temperature during hydration, are 
available elsewhere [Kohler 2005, Schindler 2002]. 
 
The thermal strain at any point in the cross section becomes 
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A third degree polynomial function was used to model the temperature profile at both the 
time of set and any time thereafter such that  
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where A, B, C, and D = regression coefficients for the T(z) fit; E, F, G, and H = 
regression coefficients for the Tset(z) fit; and TA(z), TL(z), and TNL(z) = the axial, linear, 
and nonlinear components of the temperature difference profile. 
 
The axial portion of the total temperature stress can then be solved for as 
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and then subtracted out of the total thermal strain equation to yield 
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the total linear and nonlinear thermal strains at any point in the cross section. The total 
linear and nonlinear thermal strain can now be applied at any time step especially for 
early age concrete stress analysis. 
 
HYGROTHERMAL STRAIN 
 
As a concrete slab is subjected to ambient conditions with an RH less than that of the 
surface of the slab, moisture will diffuse out of the concrete. The lower the ambient 
condition, the greater the driving force and the lower the internal RH of the concrete will 
become. This loss of water from hardening concrete is generally referred to as drying 
shrinkage.  It has been found that concrete subjected to daily cycling of RH in the field 
can approach the same shrinkage level as that caused by complete drying at a constant 
RH [Neville 1996]. Thus, the magnitude of the RH strains can become significantly 
greater than the thermal strains and may result in a permanent concave shape for the slab. 
Cracks may then initiate at the surface of the slab due to environmental loading and the 
likelihood of surface-initiated cracks from mechanical loads is increased. 
 
The hygrothermal strain has been quantified using an equivalent humidity difference 
coefficient, ∆[1-(RH)3]eq, with respect to the bottom of the slab [ERES 2004, Jeong 2005, 
Mohamad 1997]. While this formulation allows for a closed form solution of the 
equivalent linear hygrothermal stresses, the formula was originally intended for 
calculating the average drying shrinkage of a cross-section subjected to a constant RH 
environment. Since the effect of moisture gradients on curling is the objective, a 
micromechanical model is proposed which allows for calculation of both the linear and 
nonlinear hygrothermal strain at any time increment without knowledge of the concrete’s 
ultimate shrinkage strain.   
To solve for hygrothermal strains, the Kelvin Equation is first employed  
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where p = average hydrostatic (internal) pressure; RH = relative humidity; R = universal 
gas constant; T = temperature; and vm = molar volume of water [Defray 1966, Bentz 
1998, Grasley 2003]. As the internal RH decreases in a sealed system with capillary-size 
pores, the average hydrostatic pressure decreases (underpressure) in the pores due to the 
pore’s radius of curvature decreasing [Grasley 2003]. To solve for hygrothermal strains 
in terms of pore pressure, the Mackenzie’s Equation is used which relates the bulk strain 
in an elastic media to the internal pressure exerted in circular pores 
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where εHT = strain caused by drying-induced capillary pressure; k = bulk modulus of the 
porous solid; and k0 = bulk modulus of the solid skeleton material [Mackenzie 1950]. As 
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this equation is only completely applicable to saturated solids containing spherical holes, 
Bentz et al. suggested inclusion of a saturation factor in order to consider partially 
saturated cement paste [Bentz 1998] 
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making the hygrothermal strain equation 
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Finally, a total shrinkage strain can be derived at any point in the cross section by 
substituting the Kelvin Equation into the modified Mackenzie’s Equation, yielding 
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where T(z) = same temperature profile as used in the thermal strain calculations and 
RH(z) = relative humidity profile at any given time.  
 
If the average axial hygrothermal strain is calculated and subtracted out as was completed 
in the above thermal strain calculation, the total linear and nonlinear hygrothermal strain 
is the following: 
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This equation can again be applied at any time step. The total hygrothermal strain 
calculation is simple given any measured temperature and RH profile, but the integration 
of the axial hygrothermal strain requires more manipulation for a concise analytical 
solution.   
 
Typical RH sensing devices have reasonably high error at RH values greater than 97%, a 
zone often considered saturated. Field tests have shown that any point deeper than 
approximately 76.2 mm (3 in.) from the surface of a sufficiently thick slab will remain in 
this zone [Rodden 2006]. A traditional third order polynomial fit is not representative of 
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such an RH profile. A better fit for a typical RH profile of a relatively thick concrete slab 
is of the form 
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where A, B, C, etc = regression coefficients. In order to more easily integrate ln(RH(z)), a 
Taylor series expansion for the natural log of RH(z) is needed. 
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The first two terms of the Taylor series expansion of the ln[RH(z)] term can now be 
written as 
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when considering a fit to just three data points. Using just the first two terms of the 
expansion results in only a 4.5% deviation from the true RH(z) value at 65% RH at any 
depth, with increasing accuracy as the RH increases. With the inclusion of this Taylor 
series expansion for the natural log, any mathematical processing software can quickly 
solve a series of time steps of the total linear and nonlinear hygrothermal strain 
calculation (note that integration can deliver a closed form solution but, for the given 
assumptions, the results are too length to present herein).  
  
APPLICATION OF MODEL 
 
An example of the combined thermal and hygrothermal stresses are presented below. 
Data for this example is from a field test of a 381 mm (15 in.) thick slab with 4.57 m (15 
ft) slab length and width, cast on October 25, 2005 in Rantoul, Illinois, USA (Rodden 
2006).  All strain/stress calculations are for the surface (0 mm or 0 in.) as it is assumed 
that cracking will initiate there.  Assumed constants include: C = 0.62, E = 2.55x104 
MPa, v = 0.2, αt = 9 x10-6/°C, R = 8.314 J/mol*K, k = 1.46 x 1010

 Pa, k0 = 2.6 x 1010 Pa, 
and vm = 1.8 x 10-5 m3/mole. The measured temperature and T(z) fits for the maximum 
and minimum thermal stresses occurring during a 24-hour period are shown in Figure 
1(a).  These temperature profiles are fit to points at 0 mm (0 in.), 25.4 mm (1 in.), 177.8 
mm (7 in.), and 355.6 mm (14 in.).  The measured RH and RH profile using the Taylor 
series expansion fit to points at 0 mm (0 in.), 12.7 mm (0.5 in.), and 381 mm (15 in.), 
with the 381 mm (15 in.) point being assumed to be saturated at 98% RH, are shown in 
Figure 1(b).  Using the temperature and RH fit equations with the formulation presented, 
the linear and nonlinear thermal, hygrothermal, and total strains can be calculated at each 
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time step (1 hour) and plotted, as shown in Figure 1(c).  From the total linear and 
nonlinear strain, the stress calculation was performed as shown in Figure 1(d). 
   
Despite the linear and nonlinear thermal strain being approximately ± 50 microstrain at 
early ages, a value also noted elsewhere [Jeong 2005], the total linear and nonlinear strain 
and resultant stress are both almost always negative or in tension even with a 50% creep 
relaxation.  This behavior is driven by the magnitude of hygrothermal stresses relative to 
thermal stresses and it exemplifies the importance of accurate hygrothermal strain 
consideration in modern stress analysis for concrete pavements.   
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Figure 1. (a) Measured temperature and temperature profiles for day and night fit to data at 0 mm 
(0 in.), 25.4 mm (1 in.), 177.8 mm (7 in.), and 355.6 mm (14 in.); (b) measured RH and Taylor 
series fit to data at 0 mm (0 in.), 12.7 mm (0.5 in.), and 381 mm (15 in.) (base assumed to be 
saturated at 98% RH); (c) linear and nonlinear thermal strain, linear and nonlinear hygrothermal 
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strain, and total linear and nonlinear strain with creep considered versus time; and (d) total 
stress versus time. 
 
CONCLUSIONS 
 
A novel micromechanical approach to calculating both the linear and nonlinear moisture 
curling strains in concrete slabs based on measured relative humidity gradients was 
presented.  In addition to moisture curling considerations, creep relaxation and linear and 
nonlinear thermal strains were also accounted for in the model. The combined curling 
stress analysis was applied to temperature and RH profiles measured during an 8 day 
period in order to calculate the curling stresses at any time increment.  This procedure 
revealed the importance of moisture profile consideration, as it is shown to be a 
significant factor in the slab’s stresses especially at early ages.   
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